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Abstract.
Anti-self-dual (ASD) 4-dimensional complex Einstein spaces with nonzero cosmological
constant Λ equipped with a nonnull Killing vector are considered. It is shown, that any
conformally nonflat metric of such spaces can be always brought to a special form and
the Einstein field equations can be reduced to the Boyer-Finley-Pleban´ski equation (Toda
field equation). Some alternative form of the metric are discussed. All possible real slices
(neutral, Euclidean and Lorentzian) of ASD complex Einstein spaces with Λ 6= 0 admit-
ting a nonnull Killing vector are found.
PACS numbers: 04.20.Cv, 04.20.Jb, 04.20.Gz
1 Introduction
The present paper is the second part of the work devoted to the anti-self-dual (ASD)
complex Einstein spaces with Λ 6= 0 equipped with a Killing vector. In the previous
part [1] the general analysis and the way of classifying such spaces have been studied.
It appeared, that such spaces can be divided into two classes. One class consists of the
spaces which admit a nonnull Killing vector while the second contains the spaces with
a null Killing vector. The case with a null Killing vector has been solved completely.
Corresponding metric appeared to be of the type [−] ⊗ [N]. ASD Einstein spaces with
Λ 6= 0 equipped with a nonnull Killing vector (which we abbreviate by HΛK-spaces) admit
all possible Petrov-Penrose types. The Einstein field equations in this case can be reduced
to the Boyer-Finley-Pleban´ski equation (BFP-equation or Toda field equation).
However, in [1] at least two important tasks have not been finalized. The reduction of
the heavenly equation to the BFP-equation has been presented, but the reverse reduction
has been not demonstrated. What is more important, the way how to reduce the metric
to the form which depends on a single function which fulfills the BFP-equation has not
been shown in [1]. One of the aims of this paper is to fill this gap. Main result of the
section 2 (Theorem 2.3) shows in details how to pass from Pleban´ski - Robinson - Finley
coordinates and the corresponding form of the metric (W -formalism) to the LeBrun
coordinates in which the field equations are reduced to the BFP-equation (U -formalism).
This reduction is the original result of the present paper. Moreover, simple analysis of the
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proof of the Theorem 2.3 shows that the reverse pass from U -formalism to W -formalism
is fairly natural.
An intermediate step between W -formalism and U -formalism is the so-called Σ-
formalism. Surprisingly, it seems that the Σ-formalism provides us with the most suitable
form of the metric of the complex HΛK-spaces. The field equations in Σ-formalism can be
reduced to the form (2.49) and this equation, although still strongly nonlinear, seems to
be more plausible then the BFP-equation.
Another aim which has not been achieved in [1] is the way of obtaining the real slices of
the complex HΛK-spaces. [However, it is worth to note that the case with the null Killing
vector has the natural ultrahyperbolic (neutral) slice and the corresponding metric is
the most general metric of the 4-dimensional, globally Osserman spaces with nonzero
curvature scalar admitting the null Killing vector [1]]. The real HΛK-spaces have been
considered by LeBrun [2], Przanowski [3], Tod [4] and Ho¨gner [5]. Especially interesting
geometrical approach based on an almost-complex structures can be found in [4, 5]. This
approach allows to find the general forms of the metrics and to reduce the field equations
to the BFP-equation.
Of course, all possible real HΛK-spaces are hidden inside the complex HΛK-spaces. The
fact that real HΛK-metrics are known gives us the rare opportunity to examine possible
techniques of obtaining real metrics from the complex ones. This aim has been achieved
quite easily. We present all possible real slices of the holomorphic metric of the complex
HΛK-spaces. The corresponding transformations, which bring us to the real slices are, in
fact, quite obvious and natural (compare (3.7a)-(3.7b), (4.14) and (A.18)). The simplicity
of these transformations raises hopes for the positive results in the so-called Pleban´ski
programme, namely: how to generate real solutions from the complex ones. Although
the results of the present work concern mainly the unphysical signatures (+ +−−) and
(+ + ++), they use techniques which succeeded in obtaining Lorentzian slices [6]!
We believe, that our paper is the next step towards better understanding the role of
complex spacetimes in general relativity. Moreover, sensible using of the techniques of
obtaining real neutral and Euclidean slices could be helpful in more advanced problem
concerning looking for the Lorentzian slices.
Our paper is organized as follows.
In section 2 some properties of the null and nonnull Killing vectors in Einstein spaces
with Λ 6= 0 are considered. A few theorems are formulated and these theorems are gen-
eralization of the theorems presented earlier in [1]. They propose the invariant criterion
which can be used to distinguish null and nonnull Killing vectors. Then the detailed
properties of the nonnull Killing vectors in HΛK-spaces are considered. These properties
have not been recognized earlier in [1]. Especially interesting are relations between the
nonnull Killing vector, congruences of the null strings generated by this vector and Som-
mers vector which describes the optical properties of these null strings. However, the
main result of section 2 is the Theorem 2.3, in which it is proved that the metric of the
complex HΛK-spaces can be brought to some special form (2.27).
Sections 3, 4 and 5 are devoted to searching for the real slices of the metric obtained
in section 2. We consider the neutral (+ + −−), Euclidean (+ + ++) and Lorentzian
(+ + +−) slices of the complex metric (2.27). All possible real slices are found and it is
shown that in all the cases (except the Lorentzian case which can be solved completely)
we arrive at the different versions of the BFP-equation.
Concluding remarks end the paper. In Appendix A we give some remarks about
complex de Sitter spacetimes in various formalisms.
2
2 Complex case
2.1 Killing equations and their integrability conditions in Ein-
stein spaces
Thorough analysis of the Killing equations and their integrability conditions for the
(isometric, homothetic and conformal) Killing vectors and spinors has been presented in
[7]. We only remind here, that Killing equations in spinorial form for the isometric Killing
vector K D˙C read
∇ B˙A K D˙C = lAC ∈B˙D˙ +lB˙D˙ ∈AC (2.1)
where lAB and lA˙B˙ are symmetric spinors
lAB :=
1
2
∇ N˙(A KC)N˙ , lA˙B˙ =
1
2
∇N(A˙K B˙)N (2.2)
The integrability conditions of (2.1) in Einstein spaces with Λ (CABC˙D˙ = 0, R = −4Λ)
has the form
∇ A˙R lST +
2
3
Λ ∈R(S K A˙T ) + 2C NRST K A˙N = 0 (2.3a)
∇A
R˙
lS˙T˙ +
2
3
Λ ∈R˙(S˙ KAT˙ ) + 2C N˙R˙S˙T˙ KAN˙ = 0 (2.3b)
Although we are going to analyze the ASD-metrics admitting nonnull Killing vector, we
formulate theorems, which are valid without anti-self-duality assumption. These theo-
rems are generalization of the theorems presented in [1].
Lemma 2.1
If KAB˙ is a Killing vector in 4-dimensional complex Einstein spaces with Λ 6= 0, then the
spinors lAB and lA˙B˙ defined by (2.2) are nonzero.
Proof
Assume that lAB = 0. Then contracting (2.3a) with ∈RS one gets ΛKAB˙ = 0 what is
contradiction. Analogously we prove, that lA˙B˙ 6= 0. 
The next lemma follows from the general results on null Killing vectors presented in
[6], although it has not been formulated there explicitly.
Lemma 2.2
Let KAB˙ be a null Killing vector in 4-dimensional Einstein space. Then both undotted
and dotted invariants lABl
AB and lA˙B˙l
A˙B˙ vanish: lABl
AB = lA˙B˙l
A˙B˙ = 0.
Proof
Because Killing vector is null, it can be presented in the form KAB˙ = µAνB˙. Putting this
into the Killing equations (2.1) we find that spinors µA and νA˙ satisfy the equations
∇AB˙µC = XAB˙ µC+ ∈AC MB˙ , ∇AB˙νC˙ = −XAB˙ νC˙+ ∈B˙C˙ NA (2.4)
Moreover
lAB = µ(ANB) , lA˙B˙ = ν(A˙MB˙) (2.5)
and Killing equations reduce to the single condition
µAN
A + νA˙M
A˙ = 0 (2.6)
3
According to complex version of Goldberg-Sachs theorem equations (2.4) are equivalent
to the statement, that the space is algebraically special on both sides and spinors µA and
νA˙ are, respectively, undotted and dotted multiple Penrose spinors
CABCDµ
AµBµC = 0 = CA˙B˙C˙D˙ν
A˙νB˙νC˙ (2.7)
Putting KAB˙ = µAνB˙, (2.5) and (2.4) into (2.3a), then contracting this with µ
SµT and
using (2.7) we obtain µTNTM
A˙ = 0. Combining it with (2.6) we find that NT = NµT
and MT˙ = MνT˙ . Finally
lAB = NµAµB , lA˙B˙ = MνA˙νB˙ (2.8)
Obviously lABl
AB = lA˙B˙l
A˙B˙ = 0. 
The inverse lemma holds true, but it involves a little stronger assumptions. Indeed,
we have
Lemma 2.3
In Einstein spaces with Λ 6= 0 isometric Killing vector is null, if lABlAB = 0 or lA˙B˙lA˙B˙ = 0.
Proof
Let lABl
AB = 0 so lAB = µAµB. Putting this into (2.3a), contracting with KZA˙ and using
the relation
K A˙N KZA˙ = K
A˙
(N KZ)A˙︸ ︷︷ ︸
≡0
+
1
2
NZK
AA˙KAA˙ =
1
2
NZK , K := K
AA˙KAA˙ (2.9)
we obtain
KZA˙∇ A˙R (µSµT )−KCRSTZ +
Λ
3
∈R(S∈T )Z K = 0 (2.10)
Contracting (2.10) with µSµT we arrive to the condition
K(3µSµTCRSTZ + ΛµRµZ) = 0 (2.11)
so if CRSTZµ
RµSµT 6= 0 (self-dual curvature is algebraically general) Killing vector is
null. However if 3µSµTCRSTZ + ΛµRµZ = 0 then the self-dual curvature is algebraically
special and spinor µA is undotted multiple Penrose spinor. Then from the complex
Goldberg-Sachs theorem we know that the spinor µA satisfies the null string equation
µRµS∇RA˙µS = 0. In this case contraction of (2.10) with µSµR gives KΛ = 0. If cosmo-
logical constant is nonzero, then the Killing vector must be again null K = 0. 
We close this subsection by formulating a theorem which follows directly from the lemmas
2.2 and 2.3.
Theorem 2.1
Let KAB˙ be an isometric Killing vector in 4-dimensional Einstein space with Λ 6= 0 and
the spinors lAB and lA˙B˙ are defined by (2.2). Then the following statements are equivalent
(i) KAB˙ is a null vector
(ii) lABl
AB = 0
(iii) lA˙B˙l
A˙B˙ = 0

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From Theorem 2.1 it follows, that in Einstein spaces with Λ 6= 0 nonnull Killing vectors
are characterized by the invariants lABl
AB and lA˙B˙l
A˙B˙ both being necessarily nonzero:
KAB˙K
AB˙ 6= 0⇐⇒ (lABlAB 6= 0 and lA˙B˙lA˙B˙ 6= 0)
2.2 Nonnull Killing vectors in ASD Einstein spaces
Now we analyze the nonnull Killing vectors in anti-self-dual Einstein spaces with
cosmological constant (CABCD = 0, Λ 6= 0). As it follows from Theorem 2.1, lABlAB 6= 0
and lA˙B˙l
A˙B˙ 6= 0. We decompose the spinor lAB according to the formula
lAB = m(AnB) , m
AnA 6= 0 (2.12)
Putting this into the equations (2.3a) we get the conditions
∇AB˙mB = ZAB˙mB+ ∈AB MB˙ (2.13a)
∇AB˙nB = −ZAB˙ nB+ ∈AB NB˙ (2.13b)
2
3
ΛKAB˙ = −mANB˙ − nAMB˙ , M N˙NN˙ 6= 0 (2.13c)
where ZAB˙, MB˙ and NB˙ are some spinors. Equations (2.13a) and (2.13b) show that both
spinors mA and nA form the null strings what means that the 2-dimensional holomorphic
distributions
DmA := {mAaB˙,mAbB˙} , aA˙bB˙ 6= 0 (2.14)
DnA := {nAaB˙, nAbB˙} (2.15)
are integrable in the Frobenius sense. [Remark: Distribution DmA is integrable, iff
mAmB∇AM˙mB = 0 what is satisfied by virtue of (2.13a). Analogously, distribution DnA
is integrable, iff nAnB∇AM˙nB = 0 what is also satisfied by virtue of (2.13b)]. The integral
manifolds of these distributions constitute the congruences of self-dual null strings, i.e.
holomorphic, totally null and totally geodesic 2-surfaces. [In Penrose nomenclature, these
surfaces are called α-planes]. MA˙ and NA˙ describe the expansion of these congruences.
Both MA˙ and NA˙ are necessarily nonzero. Indeed, there are no nonexpanding congru-
ences of the self-dual null strings in ASD Einstein space if the cosmological constant Λ is
nonzero.
ZAB˙ are components of the Sommers vector. Structure of the Killing equations implies
the interesting property of the congruences of the null strings generated by the distribu-
tions DmA and DnA : as it follows from (2.13a)-(2.13b) they both have the same Sommers
vector. [For detailed analysis of the optical properties of the congruences of null strings
see [8]].
Inserting (2.12) and (2.13a)-(2.13c) into (2.1) one gets
∇AB˙MC˙ = ZAB˙MC˙ +mA
(
TB˙C˙ −
Λ
3
∈B˙C˙
)
(2.16a)
∇AB˙NC˙ = −ZAB˙ NC˙ + nA
(
− TB˙C˙ −
Λ
3
∈B˙C˙
)
(2.16b)
−2
3
Λ lA˙B˙ = 2N (A˙M B˙) +mBnB T
A˙B˙ (2.16c)
5
where T A˙B˙ = T (A˙B˙) is some symmetric spinor related to the Sommers vector by (2.17b)
Now we point out some properties of the nonnull Killing vector and Sommers vector
in ASD Einstein spaces with Λ 6= 0. Acting on (2.13a) and (2.13b) with ∇FF˙ and using
Ricci identities for one-index spinors we find that
∇ N˙(M ZA)N˙ = 0 (2.17a)
T A˙B˙ = ∇N(A˙Z B˙)N (2.17b)
An interesting property of T A˙B˙ can be found by contracting (2.3b) with ∈R˙S˙ and using
(2.16c)
∇AN˙TN˙B˙ = 0 (2.18)
so the spinor T A˙B˙ satisfies the right Maxwell equations without currents.
The form of the nonnull Killing vector (2.13c) proves strong relation between such
vector and the spinors which describe the null strings and properties of their congruences.
Nonnull Killing vector in an ASD Einstein space with Λ can be always decomposed into
the sum of two null vectors which are tangent to the congruences of null strings defined
by the distributions DmA and DnA . Moreover, the dotted spinors in this decomposition
are exactly the spinors which describe the expansion of the congruences defined by the
distributions DnA and DmA , respectively.
As it follows from [8], any null string can be brought to the canonical normalization
without any loss of generality. [Remark: null string is called to be in a canonical nor-
malization, if the 2-form which is interpreted as a surface element of this null string is
closed]. If we assume, that the null string defined by the distribution DmA is in canonical
normalization, then the spinor mA satisfies the equation
∇A
B˙
(mAmB) = 0 (2.19)
which is obviously stronger then the classical null string equation mAmB∇AB˙mB = 0.
Equation (2.19) used in (2.13a) gives
3MB˙ = 2m
AZAB˙ ⇐⇒ 3MB˙Z B˙B = mB ZFF˙ZFF˙ (2.20)
Putting (2.20) into (2.16a), then using (2.17a) and (2.17b), after some work one can get
∇ B˙A Z D˙C =
2m(AnC)
nZmZ
T B˙D˙ +
1
nZmZ
n(AZ
(B˙
C) M
D˙) − m(AnC)
(nZmZ)2
nFZ
(B˙
F M
D˙) (2.21)
+mAmCP
B˙D˙ +
1
2
∈AC T B˙D˙ − 1
6
∈AC∈B˙D˙ (3Λ + ZFF˙ZFF˙ )
where P B˙D˙ is another arbitrary symmetric spinor. Note, that only one of the null strings
generated by the distribution DmA or DnA can be brought to the canonical normalization,
otherwise, the decomposition (2.12) is not valid anymore.
There are infinitely many congruences of self-dual null strings in ASD Einstein spaces
with Λ 6= 0. Two of these congruences (those generated by the distributions DmA or
DnA) are related to the nonnull Killing vector via (2.12). On the other hand, both these
congruences have the same Sommers vector. In this sense nonnull Killing vector in HΛK-
spaces is related to Sommers vector. Knowing this, one formulates
Theorem 2.2
6
Let KAB˙ be a nonnull Killing vector in 4-dimensional complex ASD Einstein space with
Λ 6= 0 and DmA and DnA be the distributions associated with KAB˙ via (2.12) and (2.13a)-
(2.13b). Then the Sommers vector of the congruences defined by distributions DmA and
DnA is necessarily nonnull.
Proof
Indeed, assume, that the Sommers vector is null and the congruence of the null strings
generated by the distribution DmA is in canonical normalization. Then ZAB˙ = ZAMB˙
(compare (2.20)). ZA is an arbitrary, nonzero spinor here. Putting this form of the
Sommers vector into (2.21) and contracting it with mAMD˙ one finds
MD˙T
D˙B˙ = ΛM B˙ =⇒ TB˙D˙T B˙D˙ = −2Λ2 (2.22)
Then using (2.22) in (2.18) contracted with MB˙ we obtain Λ = 0 what contradicts the
assumption that the Sommers vector is null. 
2.3 The metric
In [1] the general form of the holomorphic ASD metric with Λ admitting a nonnull
Killing vector has been found as
ds2 = φ−2
{
2τ−1(dηdw − dφdt) + 2
(
− φWηη + Λ
6τ 2
)
dt2 (2.23)
+4 (−φWηφ + Wη) dwdt+ 2 (−φWφφ + 2Wφ) dw2
}
where W = W (φ, η, w) is the key function which has to satisfy the reduced heavenly
equation with Λ
φ (WηηWφφ −W 2ηφ) + 2 (WηWηφ −WφWηη) +
1
τ
Wwη − Λ
6τ 2
Wφφ = 0 (2.24)
[Remark: τ is arbitrary nonzero complex constant and it can be chosen as convenient].
To obtain (2.24) we employ in [1] the Pleban´ski - Robinson - Finley coordinates which
are adapted to the appropriate single congruence of self-dual null strings.
The metric (2.23) admits nonnull Killing vector of the form
K =
∂
∂t
(2.25)
characterized by the invariant
lABl
AB = −2
( Λ
3τφ
)2
6= 0 (2.26)
However, this form of the metric is inconvenient, generally because of the quite compli-
cated equation (2.24). This is why we propose
Theorem 2.3
The metric of any complex ASD Einstein space with Λ admitting a nonnull Killing vector
K = ∂Z can be locally brought to the form
ds2 =
V
T 2
(
eU(dX2 − dY 2) + dT 2
)
− 1
V T 2
(dZ + α)2 (2.27)
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where (X, Y, Z, T ) are some local coordinates,
V :=
3
2
TUT − 2
Λ
(2.28)
and the 1-form α fulfills the equation
− 2
3
Λ dα = (eU)T dX ∧ dY − TdX ∧ dUY + TdUX ∧ dY (2.29)
The integrability condition of Eq. (2.29) (d2α = 0) gives the Boyer - Finley - Pleban´ski
equation for U = U(T,X, Y )
(eU)TT + UXX − UY Y = 0 (2.30)
and the invariant, which characterizes the Killing vector reads
lABl
AB = −2
9
Λ2
T 2
6= 0 (2.31)
Proof
We divide our proof in two parts I and II.
I. Wηη 6= 0
Step 1: (φ, η, t, w)→ (ϕ, η, %, v) (W-formalism)
First we re-scale the coordinates according to
φ =
Λ
6τ 2
ϕ , w =
Λ
12τ 3
v , t =
Λ
6τ 2
% (2.32)
so the Killing vector is
K =
6τ 2
Λ
∂
∂%
(2.33)
The equation (2.24) reads now
ϕ(WηηWϕϕ −W 2ηϕ) + 2(WηWηϕ −WϕWηη) + 2Wηv −Wϕϕ = 0 (2.34)
or, equivalently
ϕdWϕ ∧ dWη ∧ dv + 2Wη dWη ∧ dη ∧ dv − 2Wϕ dϕ ∧ dWη ∧ dv (2.35)
+2 dϕ ∧ dη ∧ dWη − dWϕ ∧ dη ∧ dv = 0
The metric (2.23) reduces to
ds2 = ϕ−2
{
6
Λ
dηdv − 2
τ
dϕd%+
Λ
3τ 2
(1− ϕWηη) d%2 (2.36)
+
2
τ
(Wη − ϕWηϕ) dvd%+ 3
Λ
(2Wϕ − ϕWϕϕ) dv2
}
Step 2: (ϕ, η, %, v)→ (ϕ, z, %, v) (From W-formalism to P-formalism)
Note that
dW = Wϕ dϕ+Wη dη +Wv dv ⇒ d(W − ηWη) = Wϕ dϕ− η dWη +Wv dv (2.37)
8
Then we use the Legendre transformation (ϕ, η, v)→ (ϕ, z, v), z := Wη
2P (ϕ, z, v) +
1
2
ϕz2 := W
(
ϕ, η(ϕ, z, v), v
)− zη(ϕ, z, v) (2.38)
This transformation has sense only, if Wηη 6= 0, the case Wηη = 0 must be considered
individually. After some simple calculations one finds
2Pϕ +
1
2
z2 = Wϕ , 2Pz + ϕz = −η , 2Pv = Wv , Wη = z (2.39)
Wηη = − 1
2Pzz + ϕ
, Wηϕ = −2Pϕz + z
2Pzz + ϕ
, Wϕϕ = 2Pϕϕ − (2Pϕz + z)
2
2Pzz + ϕ
The equation (2.34) reduces to
PϕϕPzz − P 2zϕ + ϕPϕϕ − Pϕ + Pzv = 0 (2.40)
and the metric (2.36) reads
ds2 = ϕ−2
{
− 6
Λ
(2Pzz + ϕ)dzdv − 6
Λ
(2Pzϕ + z)dϕdv − 2
τ
dϕd% (2.41)
+
Λ
3τ 2
(
1 +
ϕ
2Pzz + ϕ
)
d%2 +
2
τ
(
z + ϕ
2Pzϕ + z
2Pzz + ϕ
)
dvd%
+
3
Λ
(
4Pϕ − 4Pzv + z2 − 2ϕPϕϕ + ϕ(2Pzϕ + z)
2
2Pzz + ϕ
)
dv2
}
Note, that the condition Wηη 6= 0 implies 2Pzz + ϕ 6= 0.
Step 3: (ϕ, z, %, v)→ (ϕ, ξ, %, v) (From P-formalism to Σ-formalism)
The equation (2.40) can be written in the form
dR ∧ dS ∧ dv + ϕdR ∧ dz ∧ dv −Rdϕ ∧ dz ∧ dv + dϕ ∧ dz ∧ dS = 0 (2.42)
where
R := Pϕ , S := Pz ⇐⇒ dR ∧ dϕ ∧ dv + dS ∧ dz ∧ dv = 0 (2.43)
Eq. (2.42) is equivalent to the equation
ω ∧ dω = 0 , ω := dS −Rdv + ϕdz (2.44)
From the Frobenius theorem it follows that there exist the functions U = U(ϕ, z, v) and
ξ = ξ(ϕ, z, v) such that ω = eUdξ so
dS −Rdv + ϕdz = eUdξ (2.45)
It is easy to note that (ϕ, ξ, v) can be regarded as independent variables only if Pzz+ϕ 6= 0.
But this last condition is satisfied since if one had assumed that Pzz + ϕ = 0 then Eq.
(2.40) would not be fulfilled. Treating z as a function of (ϕ, ξ, v) , the equation (2.45) is
equivalent to the set of equations
∂ξ(S + ϕz) = e
U (2.46a)
∂v(S + ϕz) = R (2.46b)
∂ϕ(S + ϕz) = z (2.46c)
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from (2.46a) to (2.46c) it follows that
Σ := S + ϕz =⇒ R = Σv , z = Σϕ , eU = Σξ (2.47)
where Σ = Σ(ϕ, ξ, v). As a consequence of the condition Pzz + ϕ 6= 0 one gets zξ 6= 0, so
Σϕξ 6= 0. Compatibility condition (2.43) takes the form
Rξ + Sξzϕ − Sϕzξ = 0 (2.48)
Putting R and S from (2.47) into the (2.48) one arrives at the crucial equation
Σξv + ΣξΣϕϕ = 0 (2.49)
All derivatives of the P can be expressed by the derivatives of Σ according to
Pϕ = Σv , Pz = Σ− ϕΣϕ , Pzϕ = Σξv
Σξϕ
, Pzz =
Σξ
Σξϕ
− ϕ (2.50)
Pzv = Σv − ΣξΣϕv
Σξϕ
, Pϕϕ = Σvϕ − ΣξvΣϕϕ
Σξϕ
(2.51)
Substituting (2.50) into (2.41) one can rearranged the metric to get the form
ds2 = ϕ−2
{
− 2
τ
dϕd%+
2Λ
3τ 2
Σξ
Ωξ
d%2 +
4
τ
ΣξΩϕ
Ωξ
dvd%+
6
Λ
ΣξΩ
2
ϕ
Ωξ
dv2 (2.52)
− 6
Λ
Ωϕ dϕdv − 6
Λ
Ωξ dξdv
}
where
Ω := 2Σ− ϕΣϕ (2.53)
The function Σ has to satisfy the equation (2.49) with the additional condition Σϕξ 6= 0.
Moreover, as a consequence of Wηη 6= 0 one obtains Ωξ 6= 0.
Step 4: (ϕ, z, %, v) → (T,X, Y, Z) (From Σ-formalism to U-formalism and BFP
equation)
Now we transform the coordinates according to
% = −τZ , ϕ = T , ξ = 1
2
(Y −X) , v = −1
2
(X + Y ) (2.54)
Moreover we define the functions V and U
V := − 3
2Λ
Ωξ
Σξ
=
3
2Λ
(
ϕ(ln Σξ)ϕ − 2
)
=
3
2Λ
(
T UT − 2
)
(2.55)
where
U := ln Σξ ⇐⇒ eU = ΣY − ΣX (2.56)
and the 1-form α
α := −V dϕ− 3
Λ
Ωϕ dv = −V dT + 3
2Λ
(ΣT − TΣTT )(dX + dY ) (2.57)
Using this in (2.52) one gets
ds2 =
V
T 2
(
eU(dX2 − dY 2) + dT 2
)
− 1
V T 2
(dZ + α)2 (2.58)
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Functions U and Σ are associated by the relation (2.56) and by the Eq. (2.49) which in
this formalism has the form
ΣTT − UX − UY = 0 (2.59)
The Killing vector reads
K = −6τ
Λ
∂
∂Z
(2.60)
and can be normalized to the K = ∂Z by special choice of the arbitrary parameter τ ,
namely τ = −(Λ/6). Then the invariant lABlAB given by (2.26) takes the form (2.31).
Acting on both sides of (2.57) with the operator d one arrives at Eq. (2.29). Compati-
bility condition of the equations (2.56) and (2.59) brings us to the BFP-equation (2.30).
Consider now the case II.
II. Wηη = 0
If Wηη = 0 then the Legendre transformation (2.38) is not valid anymore. However,
condition Wηη = 0 leads to the function W being the first-order polynomial in η with
coefficients depending on (φ,w). Reduced heavenly equation (2.24) can be easily solved
and the solution reads
W (η, φ, w) = (f1φ+f2)η+
τ 2
Λ
(
f 21 +
1
τ
df1
dw
)
φ3 +
3τ 2
Λ
(
2f1f2 +
1
τ
df2
dw
)
φ2 +f3φ+f4 (2.61)
where f1, f2, f3 and f4 are the arbitrary functions of the variable w. The metric generated
by the key function (2.61) corresponds to the complex de Sitter spacetime. However, the
gauge freedom still available after bringing the Killing vector into the form ∂t is strong
enough to gauge all the functions f1, f2, f3 and f4 to zero (compare transformation
formulas given in [1]). Without any loss of generality one can set W = 0. Putting W = 0
into (2.23) and performing the coordinates transformation
φ = T , t = τZ +
3τ
Λ
T , w = −(X + Y ) , η = 3τ
2Λ
(X − Y ) (2.62)
we obtain the metric
ds2 = T−2
(
− 3
Λ
(dX2 − dY 2 + dT 2) + Λ
3
dZ2
)
(2.63)
This is exactly the metric (2.27) with U = 0 = α, V = −(3/Λ). After normalizing the
constant τ , namely τ = 1 the Killing vector is K = ∂Z and the invariant lABl
AB has the
form (2.31). This completes the proof. 
3 Neutral slices
3.1 Ho¨gner’s results
This case of neutral signature (+ + −−) has been solved by M. Ho¨gner [5]. Ho¨gner
has proved that the metric of ASD Einstein space of the constant curvature can be always
brought to some special form which depends on the sign of the invariant lABl
AB (see [5]
for details). He claims, that in the special coordinate system (t, x, y, z) the metric reads
ds2 =
V
t2
(
eU(dx2 ± dy2)∓ dt2
)
− 1
V t2
(dz + α)2 (3.1)
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where
V := ±tUt − 2
2Λ
(3.2)
and the 1-form α which has to satisfy
2Λ dα = (eU)t dx ∧ dy − t dx ∧ dUy ∓ t dUx ∧ dy (3.3)
Then the integrability condition of this last equation (d2α = 0) gives the BFP equation
for the U function
(eU)tt ∓ Uxx − Uyy = 0 (3.4)
The metric (3.1) admits the nonnull Killing vector K = ∂z. Moreover
• the case lABlAB > 0 corresponds to the upper signs and it describes the scalar-flat
pseudo-Ka¨hler space
• the case lABlAB < 0 corresponds to the lower signs and it describes the scalar-flat
para-Ka¨hler space
3.2 Real neutral slices of the metric (2.27)
In the case of the neutral (ultrahyperbolic) signature (++−−) the spinor lAB satisfies
the condition
lAB = l¯AB =⇒ m(AnB) = m¯(An¯B) (3.5)
where bar denotes the complex conjugation. Spinors mA and nA are not defined uniquely
by the (2.12) and they can be always re-scaled according to formula
mA → ρmA , nA → ρ−1nA (3.6)
where ρ is some complex function. Straightforward analysis of the condition (3.5) gives
two possible solutions. Using (3.6) they can be brought to the form
• mA and nA are real =⇒ lABlAB = −12(mAnA)2 < 0
• mA and nA are complex, mA = ±n¯A, =⇒ lABlAB = −12(mAnA)2 > 0
In the case, when both mA and nA are real, we find from the (2.13c), (2.13a)-(2.13b)
and (2.16a) that MA˙, NA˙, ZA˙B˙, TA˙B˙ are real. Spinors mA and nA form a real null strings
and it is possible to choose the spinorial base in such a manner, that mA = (0,m2),m2 6=
0. This allows to introduce the real Pleban´ski’s tetrad and solve the problem from the
very beginning (all the calculations are identical, like in [1]). However, if mA and nA are
complex, we find MA˙ = ±N¯A˙, ZAB˙ + Z¯AB˙ = 0, TA˙B˙ + T¯A˙B˙ = 0. There are no real null
strings which can be connected with the spinor lAB (and Killing vector) by the conditions
(2.13a)-(2.13b). In this case to repeat Ho¨gner’s results from the general description given
in [1] is much more difficult.
The second possible way to obtain Ho¨gner’s results is to consider the real slices of the
complex metric (2.27). Let us consider two transformations of the metric (2.27)
transformation 1: Λ→ −3Λ (3.7a)
transformation 2: T → iT , Y → iY , Λ→ −3Λ (3.7b)
Performing these transformations in formulas (2.27) - (2.31), changing the abbreviations
of the coordinates into small letters and considering all coordinates, 1-forms and functions
as a real smooth objects, we arrive exactly to the Ho¨gner’s results (3.1) - (3.4).
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4 Euclidean slices
4.1 Tod’s results
The case of the Euclidean signature has been considered by Przanowski [3] and then
by Tod [4]. Przanowski shows in [3] that the metric of the Euclidean Einstein space with
nonzero cosmological constant Λ equipped with the nonnull Killing vector can be brought
to some special form and pointed out the existence of two, essentially different classes of
the Killing vectors. Tod has proved, that these two classes are, in fact, identical and he
has shown that the metric can be always presented in the form
ds2 =
V
t2
(
eU(dx2 + dy2) + dt2
)
+
1
V t2
(dz + α)2 (4.8)
where
V =
tUt − 2
4Λ
(4.9)
and the 1-form α satisfies the equation
− 4Λ dα = (eU)t dx ∧ dy + t dx ∧ dUy + t dUx ∧ dy (4.10)
with the integrability condition reading
(eU)tt + Uxx + Uyy = 0 (4.11)
So once again one gets the BFP equation. The Killing vector is K = ∂z. [Remark: In [4]
Tod uses slightly different symbols for the coordinates and the functions. However, after
changing the symbols in (4.8) - (4.11) according to the formulas
V → P , α→ θ , t→ w , U → v , z → τ (4.12)
we arrive exactly to the Tod’s results].
4.2 Euclidean slices of the metric (2.27)
The Euclidean reality condition can be written as
lAB = l¯
AB (4.13)
Solving this equation and re-defining, as before, the spinors mA and nA according to
(3.6), we obtain only one possible solution
• mA and nA are complex, mA = ±in¯A, =⇒ lABlAB > 0
Spinors mA and nA are complex and we do not have any real null strings. The only
plausible way seems to be appropriate complex transformation and then real slice of the
metric (2.27). The complex transformation that we propose here reads
T → iT , X → iX , Λ→ 6Λ (4.14)
Using this transformation in the formulas (2.27) - (2.31), changing the abbreviations
of the coordinates to small letters and replacing the analytic coordinates, 1-forms and
functions by real smooth ones, we obtain Tod’s results (4.8) - (4.11). The invariant reads
now
lABl
AB =
8Λ2
t2
> 0 (4.15)
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5 Lorentzian slices
Lorentzian slices exist only if C¯ABCD = CA˙B˙C˙D˙. Because CABCD = 0 the only possible
Lorentzian metric hidden inside the metric (2.23) (or (2.27)) is the metric of the type
[−]⊗ [−] with Λ 6= 0, i.e., the metric of de Sitter spacetime.
As it follows from Appendix A, complex de Sitter spacetime in Pleban´ski - Robinson
- Finley coordinates corresponds to the key function W = 0. Following the second part
of the proof of the Theorem 2.3 (Case Wηη = 0) we find, that de Sitter spacetimes in
the U -formalism can be always brought to the form (2.27) with U = 0 = α, i.e., to the
metric (2.63). Then the equations for the 1-form α (2.29) and the BFP equation (2.30)
are identically satisfied.
[Remark: it is worth to note, that there exist nontrivial U -functions which give con-
formally flat solutions. For example, conformally flat solutions with the W function of
the form (A.15) which satisfies Wηη 6= 0, Wηηη = 0, translated into U -formalism give
UT =
12b T + 4c
6b T 2 + 2c T − 1 , b = b(X + Y ) , c = c(X + Y ) (5.16)
This equation can be integrated in all subcases. If b and c are constants, the BFP-equation
reduces to the Liouville equation [9, 11] which solution is well known.
The other family of the U -function which give the conformally flat solution is the
equivalent of the key functions (A.15) which satisfy Wηηη 6= 0. In this case the U -function
has to satisfy the following equation
6a eU = (∂Y − ∂X)
(
1
T 2(TUT − 2)2
)
, a = a(X + Y ) (5.17)
Using (5.17) with a = const, the BFP equation can be once integrated, but the full
explicit solution is not known].
Using in the metric (2.63) the following coordinate transformation
τT =
Λ
6
u− v , τZ = u
2
+
3v
Λ
, X =
Λξ
3τ 2
− ζ
2
, Y = − Λξ
3τ 2
− ζ
2
(5.18)
we obtain exactly de Sitter metric in the form (A.14a). Using one more coordinate
transformation (A.2) we obtain the equivalent form of the metric of de Sitter spacetime
(A.14b). Considering the coordinates (x, y, z, t) in (A.14b) as a real coordinates, we
obtain the real de Sitter metric in Lorentzian signature.
6 Concluding remarks
Our paper is a concise summary of the problem of dealing with the real HΛK-spaces
via complex ones. The transformation leading from Pleban´ski - Robinson - Finley co-
ordinates to coordinates employed in [4, 5] is presented in details. Both coordinates
systems have deep geometrical meaning. Pleban´ski - Robinson - Finley coordinates are
adapted to the congruence of the null strings and seem to be transparent in considerations
in complex space-times. Coordinates used by Tod and Ho¨gner are associated with the
almost-complex or para-almost-complex structures. It is obvious, that the transformation
considered can be treated as a bridge between these two geometrical approaches.
The next conclusion concerns real slices of the complex metrics. Transformations
(3.7a), (3.7b) and (4.14) are, in fact, based on a sensible use of imaginary unit i. Else-
where, the same approach allowed us to obtain Lorentzian slices of the types [II] ⊗ [II]
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and [D]⊗ [D] (compare [6]). The important question arises: does the same technique can
be used for more advanced problem, namely for the type [D] ⊗ [any] real slices? In [9]
the general form of the metric of the one-sided type [D] gravitational instantons has been
found. The similarity between this metric and the metric (2.27) is obvious. We are going
to investigate the problem of all real type [D]⊗ [any] spaces via complex ones in future.
It is worth-while to mention the form of the metric of complex HΛK-spaces in Σ-
formalism (2.52). It depends on the function Σ = Σ(ϕ, v, ξ) which has to satisfy the
equation (2.49) with the conditions Σϕξ 6= 0, 2Σξ − ϕΣξϕ 6= 0. It seems, that this form
of metric of HΛK-spaces is the most plausible. It does not involve any additional 1-form
α (like (2.27)) and any additional equation (like (2.29)). What is the most important,
any solution of the equation (2.49) gives immediately the metric of the HΛK-spaces. For
example, Pleban´ski and Finley in [10] introduced two families of the solutions of the
BFP-equation, but they did not present the corresponding metrics. These families in
Σ-formalism read
Σ = −1
2
fv ϕ
2 + ef (aϕ+ b) (6.19a)
Σ = −1
2
fv ϕ
2 + aef (ϕ+ g)− gv (ϕ+ g) ln(ϕ+ g) (6.19b)
where f = f(v), g = g(v), b = b(ξ) and a = a(ξ), aξ 6= 0 are the arbitrary functions of
their variables. The metrics corresponding to (6.19a) and (6.19b) in Σ-formalism can be
obtain directly by putting (6.19a) and (6.19b) into (2.52). Can the equation (2.49) be
useful in finding other explicit examples of the HΛK-spaces? What about all algebraically
degenerated HΛK-spaces? We are going to answer these questions soon.
Considering de Sitter spacetimes within the U -formalism we have faced on interesting
problem, namely: find all solutions of the BFP equation which give the conformally flat,
Einstein spaces with nonzero cosmological constant. In the present paper we have found
two families of solutions (compare (5.16) and (5.17)), but we are still far from the full
solution of the problem. It seems, that the way of ”translation” the conformally flat so-
lutions from the W -formalism into U -formalism via steps listed in the proof of Theorem
2.3 is not efficient. Only a deep analysis of the structure of metric (2.27) perhaps allows
to solve the issue.
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A Appendix. Notes on complex de Sitter spacetimes
A.1 Complex de Sitter spacetime in null tetrad formalism
In this appendix we write down some forms of the metric of complex de Sitter space-
times. [Analogous considerations about real de Sitter spacetimes can be found in [12]].
The metric of any complex conformally flat spacetime can be led to the form
ds2 = Φ−2(dx2 + dy2 + dz2 − dt2) (A.1)
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where (x, y, z, t) are some complex coordinates and Φ = Φ(x, y, z, t) is some complex
function. Introducing the new complex coordinates
ξ =
1√
2
(x+ iy) , ζ =
1√
2
(x− iy) , u = 1√
2
(z + t) , v =
1√
2
(z − t) (A.2)
we arrive at the form of metric
ds2 = Φ−2(2dξdζ + 2dudv) (A.3)
Choosing the null tetrad
e1 = Φ−1dξ , e2 = Φ−1dζ , e3 = Φ−1du , e4 = Φ−1dv (A.4)
and using the first structure equations we find the connection forms to be
Γ42 = Φv e
1 − Φζ e3 , Γ41 = Φv e2 − Φξ e3 (A.5)
Γ31 = Φu e
2 − Φξ e4 , Γ32 = Φu e1 − Φζ e4
±Γ12 + Γ34 = ±Φξ e1 ∓ Φζ e2 + Φu e3 − Φv e4
From the second structure equations one obtains
CABCD = CA˙B˙C˙D˙ = 0 ,
R
12
= 2ΦζΦξ + 2ΦvΦu − ΦΦζξ − ΦΦuv (A.6)
and
(
−1
2
Cab
)
= Φ

Φξξ
1
2
(Φξζ − Φuv) Φξu Φξv
1
2
(Φξζ − Φuv) Φζζ Φζu Φζv
Φuξ Φuζ Φuu
1
2
(Φuv − Φξζ)
Φvξ Φvζ
1
2
(Φuv − Φξζ) Φvv
 (A.7)
Demanding additionally that Cab = 0 =⇒ R = −4Λ we arrive at the formulas
Φ = α0(ξζ + uv) + β0ζ + µ0ξ + γ0u+ δ0v + 0 (A.8)
Λ
6
= α00 − β0µ0 − γ0δ0 (A.9)
Gathering, the metric of the complex de Sitter spacetimes can be always brought to the
form
ds2 =
2dξdζ + 2dudv(
α0(ξζ + uv) + β0ζ + µ0ξ + γ0u+ δ0v + 0
)2 (A.10)
where Λ is the cosmological constant and α0, β0, µ0, γ0, δ0 and 0 are complex constants
satisfying (A.9).
There are at least two ways of simplifying the form of the metric. Changing the
coordinates in (A.10) according to
ξ =
Λ
6α0
ξ′ − β0
α0
, ζ =
Λ
6α0
ζ ′ − µ0
α0
, u =
Λ
6α0
u′ − δ0
α0
, v =
Λ
6α0
v′ − γ0
α0
(A.11)
and dropping primes the metric (A.10) reads
ds2 =
2dξdζ + 2dudv[
1 + Λ
6
(ξζ + uv)
]2 (A.2)= dx2 + dy2 + dz2 − dt2[
1 + Λ
12
(x2 + y2 + z2 − t2)]2 (A.12)
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If coordinates (x, y, z, t) are real, the metric (A.12) has the Lorentzian signature (+++−)
and it is the well known form of the metric of the Lorentzian de Sitter spacetime.
However, one can always use the tetrad gauge freedom. Detailed analysis proves that
one can always set
Φξ = Φζ = 0 , Φv = −1 =⇒ α0 = β0 = µ0 = 0 , δ0 = −1 , γ0 = Λ
6
(A.13)
The constant 0 can be absorbed then into v coordinate and the metric takes the form
ds2 =
2dξdζ + 2dudv[
Λ
6
u− v]2 (A.14a)
(A.2)
=
2(dx2 + dy2 + dz2 − dt2)[
Λ
6
(z + t)− (z − t)]2 (A.14b)
The form (A.14a) of the metric of the complex de Sitter spacetime is especially useful for
our purposes (see section 5).
A.2 Complex de Siter spacetimes in the Pleban´ski - Robinson
- Finley coordinates
One can attack the problem of complex de Sitter spacetimes using the heavenly spaces
theory. Complex de Sitter spacetimes are characterized by the conditions CABCD =
CA˙B˙C˙D˙ = CABA˙B˙ = 0 and Λ 6= 0. Analysis of the curvature formulas [1] proves, that the
most general key function W which gives de Sitter spacetime is the third-order polynomial
in η and φ and it has the form
W = g1 η
3 + g2 η
2φ+ g3 ηφ
2 + g4 φ
3 + g5 η
2 + g6 ηφ+ g7 φ
2 + g8 η + g9 φ+ g10 (A.15)
where g1, ..., g10 are functions of (w, t). Of course, the key function (A.15) has to satisfy
heavenly equation with Λ, what gives some constraints on functions g1, ..., g10. However,
simple analysis proves that without any loss of generality one can put in de Sitter space-
times W = 0. [We do not present here the detailed considerations, only mention, that to
prove this fact it is necessary to choose some special congruence of the null strings]. The
heavenly equation with Λ is then identically satisfied. Gathering, not loosing generality
but only using the freedom in choosing the congruence of the null strings, one can always
brought the metric of the complex de Sitter spacetime in Pleban´ski - Robinson - Finley
coordinates to the form
ds2 = φ−2
(
2τ−1(dηdw − dφdt) + Λ
3τ 2
dt2
)
(A.16)
This metric admits ten Killing vectors. Inserting the key function W = 0 into the general
master equation (formula (3.16) of Ref. [1]) we find these vectors as
∂t , ∂w , ∂η , t∂t + φ∂φ + 2η ∂η , w∂w − η∂η , (A.17)
η∂t +
(
φ− Λt
3τ
)
∂w , w∂t +
(
φ− Λt
3τ
)
∂η
tw∂t + w
2∂w + φw∂φ +
(
φt− Λt
2
6τ
)
∂η , tη∂t +
(
tφ− Λt
2
6τ
)
∂w + ηφ∂φ + η
2∂η(
wη − Λt
2
6τ
)
∂t +
(
wφ− Λtw
3τ
)
∂w +
(
φ2 − Λφt
3τ
)
∂φ +
(
ηφ− Ληt
3τ
)
∂η
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Changing the coordinates in (A.16) according to
τη = ξ , w = ζ , t = u , τφ =
Λ
6
u− v (A.18)
we arrive at the form (A.14a).
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